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Algebraic Proof - Worksheet

Skill
Group A - Proving identities
Prove that:

1) 2(4a + 2b) + 3(2a — 3b) =

3) 4(3a + 2b) — 2(2a + 2b)

5) (5n + 3)(n — 7) = 5n° — 32n — 21
Nn+4)' —@Bn+4)=m+2)n+3)+6
Nmnm-5"-2n-1)=m-3)n-9) -1

1) 2n — D+ @Cn+ 1)’ =8+ 2

14a — 5b
= 8a + 4b 4) (n+3)° =
6) (n + 4)° —
8) (n + 3)° —

12) 3n + 2)°

2) 3(2a + 4b) + 3(3a + 5b) = 15a + 27b

n2+6n+9

Gn+4) =+ Dn+4) +8

Gn+5) =0+ Dn+2)+2

10)(n =3 -(M—-5)=0n-23)(n—4) +2

—m+2°=8nn+ 1)

Group B - Proving properties of number

Prove algebraically that:

1) The sum of an odd number

and an even number is odd.

4) The product of any two

even numbers is even.

NN+ 4 — @+ 2) s
even for all positive integer

values of n.

10) (4n + 1)’ — 2n — 1) is
an even number for all

positive values of n.

2) The product of an odd
number and an even number

is even.

5) The sum of an odd number
and an odd number is an even

number.

8)2n + 1)’ — 2n + 1)is
even for all positive integer

values of n.

11) 3n(GBn + 4) + (n — 6)°is
positive for all values of n.

3) The product of any two
odd numbers is odd.

6) The sum of four
consecutive whole numbers is

always even.

9) (2n — 1)(3n — 2) —
(bn — 1)(n — 2) is always
even.

12) 2n +3)° — 2n + 1) is
always even for all positive

values of n.
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Group C - Proving multiples

thirdspacelearning.com

Prove the following, for all positive integers values of n:

1) 15n is always a multiple
of 5

4) 12n + 18is always a

multiple of 6

7) 5n — 1)° + 3(3 — 10n)

is always a multiple of 5

10) (8n + 2)° — (8n — 3)°
is always a multiple of 5

2) 42nis always a multiple
of 6

5) 35n + 28 is always a

multiple of 7

8) (4n + 2)° — 12(n + 1)

is always a multiple of 4

11) (6n + 5)° — (6n — 2)°
is always a multiple of 21

3) 33nis always a multiple
of 3

6) 9n" + 36n + 81 is always
a multiple of 9

9) (7n + 4)° — (7n — 4)°

is always a multiple of 8

12) 3n + 1)° — 3n — 1)°
is always a multiple of 4
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Applied

1)

2)

3)

4) (a)
(b)

5) (a)
(b)
(c)

Prove that the square of any odd number is always one more than a

multiple of 4.

Show that the sum of any three consecutive multiples of 3 is also a
multiple of 3.

Prove algebraically that the sum of the square of two consecutive odd
numbers is even.

Expand and simplify: (a — b)(a + b — 1)

Show that (2a — 1)° — (2b — 1)° = 4(a — b)(a + b — 1)

A Fibonacci sequence is formed by adding the previous two terms to get
the next term. Continue the Fibonacci sequence 1, 1, 2, 3, ... up to ten
terms.

Continue the Fibonacci sequence, a, b, a + b, a + 2b, ... up to ten terms.

Prove that the difference between the 8th and the 5th term of any

. . . . h
Fibonacci sequence is twice the 6" "term.
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Algebraic Proof - Exam Questions

1) Prove that (2n + 3)° — (2n — 3)°

is a multiple of 8 for all positive integer values of n.

(3 marks)
2) Prove algebraically that the difference between the squares of
any two consecutive integers is equal to the sum of these two
integers.
(5 marks)
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Algebraic Proof - Exam Questions

3) Prove that (n + 1)° = (n — 1)° + 1

is always odd for all positive integer values of n.

(3 marks)
4) The product of two consecutive positive integers is added to the
larger of the two integers.
Prove that the result is always a square number.
(3 marks)
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= 14a — 5b

2) 3(2a + 4b) + 3(3a + 5b)
= 15a + 27b

3) 4(3a + 2b) — 2(2a + 2b)
= 8a + 4b

4)(n+3)2_ n’+ 6n + 9

5) (5n + 3)(n — 7)
= 5n° — 32n — 21

2)

3)

4)

5)

Question Answer
Skill Questions
Group A | Prove that:
1) 2(4a + 2b) + 3(2a — 3b) 1) 2(4a + 2b) + 3(2a — 3b)

=8a + 4b + 6a — 9b
= 14a — 5b

~2(4a + 2b) + 3(2a — 3b)
= 14a — 5b

3(2a + 4b) + (3a + 5b)
=6a + 12b + 9a + 15b
15a + 27b

~3(2a + 4b) + 3(3a + 5b)
= 15a + 27b

4(3a + 2b) — 2(2a + 2b)
= 12a + 8b — 4a — 4b

= 8a + 4b

~4(3a + 2b) — 2(2a + 2b)
= 8a + 4b

(n + 3)°

=mn+ 3)(n + 3)

= n2 +3n+3n+9

=n2+6n+9

s+ 3)'=n"+6n+9
Gn+3)(n—-7)

= 5n° — 35n + 3n — 21
= 5n° — 32n — 21
~(Gn+3)(n—-7)

= 5n° — 32n — 21

thirdspacelearning.com
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GroupA [6) (n + 4)° — (3n + 4) 6) (n+4)° - (Gn+4)
contd = (Tl + 1)(71 + 4) + 8 = (n + 4)(71 + 4) - (371 + 4-)

—n’+8n+16 —3n — 4
=n2+5n+12

=n2+5n+4+8
=n+1n+4) + 8

a(n+ 4= Gn+ 4
=n+1)(n+4) +8

N+ 4" — Bn+ 4) 7) m+4)° - 3+ 4
=m+2)(n+3)+6 =M+ 4Hn+4) — (3Bn+ 4

=n2+8n+16—3n—4

=n2+5n+12

=n2+5n+6+6
=Mn+2)(n+3)+6

sn+ 4 - Gn+ 4

=n+2)n+3)+6

8) (n + 3)° — (3n + 5) 8) (mn+3)° - (3n—+05)
=m+1Dn+2)+2 =m+3)n+3) - @n+b5)

=n2+6n+9—3n—5

=n2+3n+4

=n’+3+2+2

2 (m+3)°— (3n +5)
=m+1(n+2)+2
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Group A
contd

9)(n-5°-2n-1)
=n-3)(n—-9 -1

10) (n — 3)° — (n — 5)
=m—-3)(n—4) +2

11) 2n — 1)° + @2n + 1)°
2
=8n + 2

12) Bn+ 2)° - (n + 2)°
=8n(n + 1)

9)

10)

11)

12)

(n—5)° - @n-1)
=(m-5m-5) - 2n -1
=n’—10n + 25 - 2n + 1
=n’— 12n + 26
=n’-12n+27 -1
=n-3)(n—-9) -1

a(n—5°"=@2n-1)
=n-3)(n—-9) -1

(n—3)"-(n-5)
=n-3)(n—-—3)—(n-—-15)
=n2—6n+9—n+5
=n’— 7n + 14

=n" — Tn + 12 + 2
=Mm—-3)(n—-—4) +2

“(m—3)"= (-5
=n—-—3)(n—4) + 2
n—1D'+@n+ 1)
=Cn-1D2n-1)+ 2n+ 1)(2Zn + 1)
=4’ —dn+1+4n° +4n + 1
=8n" + 2

“@n - 1D+ @n+ 1)

58n2+2

Gn+2)°- 0+ 2)°
=0CBn+2)Bn+2)—-n+2)(n+ 2)
=9n’ + 12n+4—(n2+4n+4)
=9’ + 12n+ 4 —n" — 4n — 4

= 8n2 + 8n
=8n(n + 1)

~(3n + 2)2 -(n+ 2)2

=8n(n + 1)
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Group B

Prove algebraically that:

1) The sum of an odd number and
an even number is odd.

2) The product of an odd number
and an even number is even.

3) The product of any two odd
numbers is odd.

4) The product of any two even
numbers is even.

5) The sum of an odd number and
an odd number is an even number.

6) The sum of four consecutive
whole numbers is always even.

1)

2)

3)

4)

5)

6)

2n + 1 =o0dd, 2m = even
2n+1+2m=2n+m) +1
Multiple of 2, +1, so the sum of an odd

number and an even number is odd.

2n + 1 =o0dd, 2m = even

2m(2n + 1) = 4mn + 2m

= 2(2mn + m)

Multiple of 2, so the product of an odd

number and an even number is even.

2n + 1=o0dd, 2m + 1 = odd

2n + D)(2m + 1)
=4mn + 2n+ 2m + 1
=2Cmn+n+m) +1

Multiple of 2, + 1, so the product of any

two odd numbers is odd.

2n =even, 2m = even

2n X 2m = 4nm

= 2(Zmn)

Multiple of 2, so the product of any two

even numbers is even.

2n + 1=o0dd, 2m + 1 = odd

Cn+ 1)+ (2m+1)
=2n+2m+ 2

=2m+m+ 1)

Multiple of 2, so the sum of an odd
number and an odd number is an even
number.
M+m+DH+M+2)+ (n+3)
=4n + 6

= 2(2n + 3)

2(2n + 3) is a multiple of 2

.". the sum of four consecutive whole

numbers is even
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Group B

contd

7) (n + 4)2 - (n+ 2)2 is even
for all positive integer values
of n.

8) 2n + D’ — 2n + 1) is
even for all positive integer
values of n.

9)(2n - 1)(3n — 2) —
(bn — 1)(n — 2)is always
even.

10) (4n + 1)° = 2n — 1)is
an even number for all positive
values of n.

7)

8)

9)

10)

(n + 4)2— (n + 2)2
=nm+4)(n+4) - (n+ 2)n+ 2)
=n2+8n+ 16—n2—4n—4
=4n + 12

= 2(2n + 6)

2(2n + 6) is a multiple of 2

So(n o+ 4)2 - (n+ 2)2 is even for all
positive integer values of n.

2n+ 1)’ - @2n+ 1)
=Cn+1)2Zn+1)—-(Cn+1)
—dn’+4n+1-2n—1

= 4n° + 2n

=202n° + n)

2(2n2 + n) is a multiple of 2

S.(Cn + 1)2 — (2n + 1)is even for all
positive integer values of n.
2n-1)Bn—-2) — (6n — H)(n — 2)
—6n —4n—3n+ 2 — 6n" + 13n — 2
= 6n

= 2(3n)

2(3n) is a multiple of 2

S.(2n - 1)Bn - 2) —

(bn — 1)(n — 2) is always even

(4n + 1)° = 2n — 1)

=M@An+ 1D)M@n+1) - (2n-1)
—16n"+8n+1—2n+1

= 16n" + 6n + 2

=2(8n" + 3n + 1)

2(8n2 + 3n + 1) is a multiple of 2

S (4n + 1)2 — (2n — 1) isan even

number for all positive values of n.
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GroupB  |11)3nGBn + 4) + (n — 6)°is|11) 3nGn + 4) + (n — 6)°

contd positive for all values of n. =o'+ 12n + (n — 6)(n — 6)
=9n° + 12n +n° — 12n + 36
= 10n" + 36

n2 > 0 always so 10n2 > 0 and so
10n° + 16 > 0
S 3n(3n + 4) + (n — 6)7is always

positive

12) 2n +3)° - @n + Dis [12) @Cn+3) - @2n+ 1)
always even for all positive = (2n +3)2n + 3)(2n + 3) — (2n + 1)
values of n. =@+ 12n+ N@n +3) — 2n — 1

—8n° + 36n° 4+ 54n + 27 — 2n — 1
= 8n° + 36n° + 52n + 26
= 2(4n° + 18n + 26n + 13)

2(4n” + 18n + 26n + 13) is a multiple of 2

So(2n + 3)3 — (2n + 1) is always even for
all positive values of n

Group C Prove the following, for all

positive integers values of n:

1) 15nis always a multiple 1) 15n =5 X 3n
of 5 ~ 15n is always a multiple of 5

2) 42n is always a multiple 2) 42n=6 X T7n
of 6 ~ 42n is always a multiple of 6

3) 33n is always a multiple 3) 33n=3 X 11n

of 3 ~ 33n is always a multiple of 3

4) 12n + 18 is always a 4 12n+ 18 =6 X (2n + 3)

multiple of 6 ~ 12n + 18 is always a multiple of 6
5) 35n + 28is always a 5) 35n+ 28 =7 X (5n + 4)

multiple of 7 ~ 35n + 28 is always a multiple of 7

6) 9n”° + 36n + 8lisalways |8  9n’ + 36n + 81 =9 x (n° + 4n + 9)
a multiple of 9

- 9n’ + 36n + 81 is always a multiple of 9
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Group C | 7) (5n — 1)° + 33 — 10n)is | 7) (5n —1)* + 3(3 — 10n)
always a multiple of 5 =(Bn—-1)(5n—1)+9 — 30n
=25n* —10n+ 1+ 9 — 30n
= 25n% — 40n + 10

= 5(5n% — 8n + 2)

~Multiple of 5
2 _ - 8) (4n +2)* —12(n+1)
8) (4n + 2) 12(n + 1) is
always a multiple of 4 = (4n +2)(4n +2) — 12n — 12
=16n" 4+ 16n +4 — 12n — 12
=160+ 4n — 8
= 4(4n® +n — 2)
. Multiple of 4
2 _ VA 9) (Tn +4)* — (Tn — 4)*
9) (7Tn + 4) (7Tn — 4) is
always a multiple of 8 = (T +4)(Tn+4) — (Tn — 4)(Tn — 4)

= 49n% | 56n + 16 — (49n* — 56n + 16)
— 49n% + 56n + 16 — 49n® + 56n — 16

=112n
= 8(14n)
S Multiple of 8
10) (8n + 2)2 — (8n — 3)2 is | 10) (8n +2)* — (8n — 3)?
always a multiple of 5 — (8n+2)(8n +2) — (8n — 3)(8n — 3)

= 64n® +32n + 4 — (64n” — 48n +9)

— 64n% +32n+4 — 64n% +48n — 9
— 80n—5
= 5(16n — 1)

s Multiple of 5
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Group C | 11) (6n + 5)° — (6n — 2)°is

contd always a multiple of 21

12) 3n + 1)° — 3n — 1)’is
always a multiple of 4

11)

12)

(6n + 5)* — (6n — 2)*
= (6n+5)(6n +5) — (6n — 2)(6n — 2)
= 36n% + 60n + 25 — (36n° — 24n + 4)

= 36m2 + 60n + 25 — 360> + 24n — 4
— 84n + 21
=21(4n + 1)

s Multiple of 21

(3n+1)* — (3n — 1)
=Bn+1)B3n+1)— (3n—1)(3n—1)
=9n? +6n+1— (9n? —6n+1)
—On’+6n+1—9n’>+6n—1
= 12n
=4(3n)

s Multiple of 4

© Third Space Learning 2021. You may photocopy this page.
13



GCSE Maths Revision | Algebra

Algebraic Proof - Answers

@ THIRD SPACE
LEARNING

Question Answer
Applied Questions
1) Prove that the square of any odd 2n + 1is odd
number is always one more than a (2n + 1)2
multiple of 4. = (2n+ D@2n + 1)
= 4n2 +4n + 1
= 4(n2 +n) +1
.". 1 more than a multiple of 4
2) Show that the sum of any three 3(n) = 3n
consecutive multiples of 3 is also a 3n+1)=3n+3
In+3n+3+3n+6
=9+ 9
= 3(n + 3)
.. a multiple of 3
3) Prove algebraically that the sum of 2n + 1D*+ @2n + 3)°
the square of two consecutive odd 2 2
. n +4n+1+4n +12n+ 9
numbers is even. )
8n + 16n + 10
2(4n2 + 8n + 5)
~2n + D2+ 2n + 3)%is always
even
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4) a) Expand and simplify: a) S _a—b+0>p
(@-b)a+b—1)
b) Show that b) (2 — 1)’ = (2b - 1)°
(2a — 1)> = (@2b - 1)’ =

=4a° —4a+1— (4b° — 4b + 1)
4(a — b)(a+ b — 1)

=4a" —4a+1—4b"+ 4b — 1
= 4’ — 4a — 40" + 4b

=4’ —a—b +b)
=4(a - b)a+b—1)

5) a) A Fibonacci sequence is formed by a) 1,1, 2 3,5, 8, 13, 21, 34, 55
adding the previous two terms to get
the next term. Continue the Fibonacci
sequence 1, 1, 2, 3, ... up to ten terms.

b) Continue the Fibonacci sequence, b) a b, a+ b a+ 2b 2a + 3b,
a, b, a + b, a + 2b, ..uptoten 3a + 5b, 5a + 8b, 13a + 21b,

) Prove that the difference between the (€) g% torm: 84 + 135
th th . ,
8 andthe 5 term of any Fibonacci Sth term: 2a + 3b

th
sequence is twice the 6 term.
9 6th term: 3a + 5b

Difference:

8a + 13b — (2a + 3b)
=8a + 13b — 2a — 3b
= 6a + 10b

= 2(3a + 5b)
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Question Answer
Exam Questions
1) Prove that (2n + 3)° — (2n — 3)° 4n” + 12n + 9or4n” — 12n + 9or
— 4n”° + 12n — 9 seen 4))
is a multiple of 8 for all positive 24n
integer values of n. 8(3n) @)
(1)
2) Prove algebraically that the Two consecutive integers written
difference between the squares of any algebraically e.g. nandn + 1,orn — 1
two consecutive integers is equal to andn,orn + landn + 2etc 1)
the sum of these two integers.
The difference between the squares of
their two integers written algebraically
e.g. (n + 1)2 —nlorn’ — (n — 1)2 or
(n + 2)2 - (n+ 1)2 etc (1)
Correct expansion e.g.
2 2
n +2n+1—n or
nz—n2+ 2n — lor
n+4n+4—n"—2n -1 1)
Correct simplification e.g. 2n + 1 or
2n — lor2n + 3 (1)
Correct sum of their two integers is
equivalent to their simplification e.g.
mM+1)+n=2n+ lor
n+n—-—1=2n—1or
m+ 1)+ (n+ 2) =2n+ 3ete (1)
3) Prove that (n + 1)2 - (n - 1)2 +1
, , =+ 2m+1 - -2n+1) +1
m+1D -M-1 +1 orn’+2n+1-n"+2n—1+1 |Q)
=4n + 1 (1)
is always odd for all positive
integer values of n. 4n is even oe and so 4n + 1 is odd oe 1
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4) The product of two consecutive Fornandn + 1:

positive integers is added to the larger nn+ 1)+ 0+ 1) 1))

of the two integers. 2

=n +n+n+1
Prove that the result is always a = nz +2n+ 1 1)
square number. (n + 1)2 a)
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